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1 Introduction 



In this paper we introduce and study a concept of co-amenability for compact 
quantum groups denned in the sense of S.L. Woronowicz jl^, |2(j] — see also jl4| 
for an exposition that provides much of the background for this paper. Co- 
amenability of so-called regular multiplicative unitaries has been introduced 
by S. Baaj and G. Skandalis jl], Appendix] Q. One can then procede to de- 
fine co-amenability of a compact quantum group by requiring that the regular 
multiplicative unitary associated to its reduced quantum group is co-amenable. 
However, the C*-algebra formulation of compact quantum groups is more ac- 
cessible than the theory of multiplicative unitaries, which is technically quite 
involved. We therefore feel that it is worthwhile and appropriate to present a 
direct definition of co-amenability, which is perhaps more intrinsic to the C*- 
algebra theory of compact quantum groups. The Baaj-Skandalis approach to 
co-amenability for compact quantum groups has been rephrased by T. Banica 
^ D to accomodate this, but details are defered to Baaj-Skandalis' work. Our 
exposition starts from an elementary remark of Woronowicz p. 623] and is 
aimed to be self-contained. To motivate our definition we briefly discuss here 
the concept of amenability for a discrete group and its equivalent formulations 
in terms of the group C*-algebras |l6|, |l7| ]. 

If r is a discrete group, its reduced and full group C*-algebras C*(T) and 
C*(r) can be endowed with co- multiplications A r and A making them into 
compact quantum groups. Details are given in Section 2. We shall call these 
the reduced and universal compact quantum groups associated with T. The 
Haar integrals of (C*(T),A r ) and (C*(T),A) are the canonical tracial states. 
Since the left kernel of the trace on C*(T) is the kernel of the canonical 
*-homomorphism 9 from C*(T) onto C*(T), faithfulness of the Haar integral 
of (C*(r), A) is equivalent to amenability of T. Of course, we are using here 
the well known equivalence of amenability of T and injectivity of Q\ this result 
is often called the Hulanicki-Reiter theorem in the literature. The co-unit of 
(C*(r),A) is norm-bounded, but that of (C*(r),A r ) may not be. In fact, it 
is known that T is amenable if, and only if, the co-unit of the latter is norm- 
bounded. This is essentially a reformulation of the classical result that T is 
amenable if, and only if, the trivial 1-dimensional representation of T is weakly 
contained in the regular representation. 

This discussion serves to motivate our introduction of the concept of co- 
amenability for a general compact quantum group and we shall frequently refer 
back to these examples for the purposes of illustration and motivation of the 
results we obtain in the sequel. We define a compact quantum group (A, A) to 
be co-amenable if the co-unit of its reduced compact quantum group (A T , A r ) is 
norm-bounded (see Section 2 for the definition of (A r , A r )). 

If a concept is to be a fruitful one in an abstract theory, it is desirable that it 
have a number of different formulations. Indeed we show that co-amenability is 
equivalent to several other conditions; one of these equivalences is an analog of 
the Hulanicki-Reiter theorem (see Theorem 3.6), which etablishes the link with 
Banica's definition. One particularly nice condition ensuring co-amenability of 
a compact quantum group is the existence of a non-zero multiplicative linear 
functional on its reduced quantum group (Corollary 2.9). 

A co-amenable compact quantum group has a number of desirable properties 
not possessed by arbitrary compact quantum groups. We show, for example, 
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that a co-amcnablc compact quantum group has a faithful Haar integral (it then 
follows that the Haar integral is a KMS state jll], [l2| ) . If a compact quantum 
group is not co-amenable, then the co-unit on the Hopf *-algebra of its reduced 
compact quantum group provides an example of a positive linear functional that 
is not norm-bounded. However, we show that every positive linear functional 
on the Hopf ^-algebras of a co - amenable compact quantum group is necessarily 
norm-bounded (Corollary 3.7). 

The use of the word co- amenability deserves some explanation. First recall 
that amenability of Kac algebras @ is defined in terms of the existence of an 
invariant state. If we define amenability of a compact quantum group in these 
terms, namely by requiring only the existence of an invariant state, then all 
compact quantum groups are trivially amenable, since the Haar integral is an 
invariant state. Thus, this is not a satisfactory definition. On the other hand, 
the natural concept of amenability for discrete quantum groups makes good 
sense — we study this notion in a forthcoming paper |). There is a relationship 
between co-amenability of a compact quantum group as defined in this paper 
and amenability of the associated dual discrete quantum group. The chosen 
terminology is aimed to reflect this dual relationship. It also fits with the one 
introduced by Baaj and Skandalis in |l[ for regular multiplicative unitaries. 
Note however the slightly confusing fact that Banica fi |) uses most of the time 
the word amenability instead of co- amenability for compact quantum groups 
(which he calls "Woronowicz algebras"). 

The paper is organized as follows: In Section 2 we construct the reduced 
quantum group corresponding to a compact quantum group and use it to define 
co-amenability of the original compact quantum group. We then derive condi- 
tions equivalent to co-amenability and show it implies faithfulness of the Haar 
integral. As an application of the ideas in this section, we give a new proof 
of the theorem of G. Nagy on faithfulness of the Haar measure of quantum 
SU(2). In Section 3 we consider the universal compact quantum group asso- 
ciated to a compact quantum group and obtain other conditions equivalent to 
co-amenability; in addition, we prove the norm-boundedness result for positive 
linear functionals alluded to above. Our final section, Section 4, is a short one 
in which we explore the idea of a bounded co-unit in the context of a compact 
quantum semigroup and show that if the latter admits a faithful Haar integral 
and a bounded co-unit, it is necessarily a co-amenable compact quantum group. 

For the ease of the reader, our account is quite detailed and we provide proofs 
of several important results which are presented in a rather sketchy manner in 
the literature. Especially, we give in an appendix a proof of the uniqueness 
property of the associated dense Hopf *-algebra of a compact quantum group. 
This useful property is stated without proof in ]Tl| ] . 

We shall use the convention that X Cg> Y represents the algebraic tensor 
product when X and Y are simply linear spaces, or *-algebras that are not 
C*-algebras; if X and Y are Hilbert spaces, X ® Y represents the Hilbert space 
tensor product and if X and Y are C*-algebras, X eg) Y represents the spatial 
C*-tensor product (13, Chapter 6]. 
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2 The Reduced Quantum Group 



Throughout this section [A, A) denotes a compact quantum group. Its Haar 
integral is denoted by h. The associated Hopf *-algebra is denoted by A, the 
co-inverse by k and the co-unit by e. Recall that e and n are, in general, only 
defined on A. One can describe A by saying it is the unique Hopf ^-algebra 
for which A is a dense unital *-subalgebra of A and the co-multiplication of A 
is obtained by restriction of the co-multiplication of A. The reader may find 
some basic definitions and a proof of this uniqueness property in an appendix to 
this paper. We refer otherwise to jL4| and |m| for the basic theory of compact 
quantum groups. 

Let (C(G),A) be a commutative compact quantum group associated to a 
compact group G, the co-multiplication A being dual to the group multipli- 
cation operation G x G — > G. In this case the Haar integral h is the integral 
with respect to the Haar measure on G. This has full support and therefore 
h is faithful. Faithfulness of the Haar integral no longer holds for an arbitrary 
compact quantum group. To illustrate this we return to the group C*-algebras 
of a discrete group and discuss them in a little more detail. 

Let r be a discrete group and let L: x h- > L x be the left regular representation 
of r on £ 2 (T). Thus, if (5 x ) xe r is the canonical orthonormal basis of i 2 (T), 
L x (5 y ) — S xy . Let A T — C*(T) be the reduced group C*-algebra of T; that 
is, A T is the C*-subalgebra of B(£ 2 (T)) generated by the operators L x (x £ F). 
The linear map A r defined on A T by A T (L X ) — L x Cg> L x , for all x £ T, is a 
co-multiplication of A r . (To see that A r is well defined, observe that there is a 
unitary operator W on l 2 (T) ® £ 2 (T) for which L X ®L X = W*(l <g> L X )W, for 
all x £ F; W is defined by setting W(S X <8> S y ) — S x -i y ® S y , for all x, y £ T.) It 
is easy to see that (A T <8> l)A rJ 4 r and (1 ® A r )A Y A Y each have closed linear span 
equal to A T ® A r . Hence, (A r , A r ) is a compact quantum group. 

It is well known that C*(r) admits a faithful tracial state tr given by 
tv(L x ) = 0, if x is an element of T that is not equal to the unit of T. In fact, tr is 
the Haar integral of (A T ,A T ) Example 10.4]. The dense Hopf *-algebra A r 
of (A T , A r ) is the linear span of all the unitaries L x (i £ T). It may be identified 
with the group algebra 

C(r) of r equipped with its canonical Hopf *-algebra structure. 

The full group C*-algebra A u — C*(F) is, by definition, the enveloping C*- 
algebra of the Banach *-algebra ^ 1 (r). By construction, C(T) is dense in A u . 
Therefore, T admits a universal unitary representation, V: F — > A u , x i— > V x such 
that the linear span of the elements V x is dense in A u . A co-multiplication on 
A u making it into a compact quantum group is determined by first setting 
A(V X ) = V x (8) V x , for all x £ V, and then extending A to A u by its universal 
property. The Hopf *-algebra A u of (A u , A) is the linear span of the elements V x , 
and it too may be identified with C(r). 

By the universal property of C*(T) there exists a canonical surjective *- 
homomorphism 9 : A u — > A T mapping each V x onto L x , hence mapping A n 
onto A r . The Haar integral on A u is the canonical tracial state of A u given by 
h = tr o 9. Its left kernel Nh is clearly the kernel of 9, so A x — A u /Nh- Again 
using the universal property of C*(r), we see there is a *-homomorphism e 
from A u to C such that e(V x ) = 1, for all x £ T. A simple computation shows 
that e is the co-unit for (A U ,A). (More precisely, the restriction of e to the 
Hopf *-algebra of (A n , A) is the co-unit.) The important point here is that e is 
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norm-bounded. 

The group T is amenable if, and only if, 9 is injective, and the co-unit of 
C*(r) is therefore norm-bounded in this case. If T is not amenable, this co- 
unit is not norm-bounded, as pointed out in the Introduction. In the case that 
r = F2, the free group on two generators, one can see the co-unit of C*(F) is 
not norm-bounded by means of the well known fact that C* r (T) is simple (and 
not one-dimensional!) and therefore admits no *-homomorphism onto C. 

Suppose now that (A, A) is an arbitrary compact quantum group with as- 
sociated Hopf *-algebra A. It is known |2(J that the Haar integral of (A, A) is 
faithful on A, but as we have seen, in general, not on the C*-algebra A. We will 
now furnish a C*-algebra envelope of the Hopf ^-algebra A for which the Haar 
integral is faithful. Recall that the left kernel Nh of h is a two-sided ideal of 
A p0| . Set A T = A/Nh and let 9 be the quotient map from A onto A r . We shall 
make A T into a compact quantum group. This reduction procedure is sketched 
in Jlgf , but no details are given there, or anywhere else in the literature that we 
are aware of. Since this is an important construction for this paper we give the 
required details in the following result. 

Theorem 2.1 // (A, A) is a compact quantum group, then the C*-algebra A T 
can be made into a compact quantum group whose co-multiplication A r is deter- 
mined by A r (9(a)) = (9 ® 9)A(a), for all a G A. The Haar integral of (A ri A r ) 
is the unique state h r of A? such that h = h r o 9. The state h r is faithful. Also, 
the quotient map 9 is faithful on A and the Hopf *-algebra of (A?, A r ) is 9(A), 
with co-unit e T and co-inverse k t determined by e = £ r o 9 and 9 o k = K r o 9, 
respectively. 

Proof. To show that we can define a *-homomorphism A r : A? — > A r <g> A r such 
that A Y (9(a)) = (9 <g> 9)A(a), for all a <E A, we need only show that ker(#) C 
ker(0<g>0)A). Clearly, it suffices to show that ker(0) C ker((id <g> 6)A). To 
see this, we first observe that, by the Cauchy- Schwartz inequality, h vanishes 
on ker(0). Therefore it induces a unique state h r on A T such that h = h T o9. Since 
ker(#) = Nh, it is clear that h r is faithful. Using the fact that product states sep- 
arate elements of A r <E> A r , it easily follows that id <g> h T : A r <E> A r — > A r is faithful. 
Suppose now 9(a) = 0. Then h(a*a) = and therefore, (id ® /i r )(id <g> 9)A(a*a) 
= (id (8) h)A(a*a) — h(a*a)l = 0. Consequently, (id ® 9)A(a*a) = 0, and there- 
fore (id <£) 9)A(a) — as required. Thus, we can well define a *-homomorphism 
A r as claimed above. 

One can easily check now that A r is a co-multiplication on A r . Since the 
linear spans of (1 £g> A)A(A) and (A (£> l)A(A) are dense in A<S>A, it follows 
immediately that the linear spans of (1 <E> A r )Ar(A r ) and (A r ® l)A r (^4 r ) are 
dense in A x ® A T . Hence, (A ri A r ) is a compact quantum group. 

If a € A, then (id ® h r )A r (9(a)) = (id ® h r )(9 ® 9)A(a) = 9(id ® h)A(a) = 
9(h(a)l) = h T (6(a))6(l). Similarly, (h T ® id)A r (0(a)) = h r (9(a))9(l). Hence, h T 
is the Haar integral of (^4 r , A r ). 

The injectivity of 9 on A follows readily: If a € A and 9(a) = 0, then 
h(a*a) = 0. Since h is faithful on A, we deduce that a = 0. 

We can therefore define linear maps, e r : 9(A) — > C and n r : 9(A) — > 0(^4), 
by setting e r (9(a)) = e(a) and n r (9(a)) = 9(k(o)), for all a £ A. It is then clear 
that 9(A) is a dense Hopf *-subalgebra of (A r , A r ) with co-unit e r and co-inverse 
k t . Hence, by uniqueness, 9(A) is the Hopf *-algebra associated to (A T , A r ). □ 
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We call the compact quantum group (A T , A r ) described in the theorem the 
reduced quantum group of (A, A) and we call 9 the canonical map from A onto A T . 
It is clear that 9 is a ^-isomorphism if, and only if, h is faithful. 

If (A, A) is the universal compact quantum group associated to a discrete 
group r, then the reduced compact quantum group of (A, A) is equal to the 
reduced compact quantum group of Y; that is, (A T , A r ) = (C*(T),A r ). That 
A r = C*(r) follows from the fact that the left kernel of the Haar integral of 
(A, A) is equal to the kernel of the canonical *-homomorphism 9 from C*(T) 
onto C*(r), as we have observed before. The only other item that needs to be 
checked is that A r # = {6 ® 6) A, and this easily follows from the definitions of 
the co- multiplications on C*(T) and C*(Y). 

If (A, A) is an arbitrary compact quantum group, we say it is co-amenable 
if the co-unit e r of (A T ,A T ) is norm-bounded. We can then extend the co-unit 
to a *-homomorphism e r on A T . A consequence is that A is never simple, if 
(A, A) is co-amenable, since the kernel of e T is a closed two-sided ideal of A of 
co-dimension one. 

From our discussion above, it is evident that the reduced (resp. universal) 
compact quantum group associated to a discrete group Y is co-amenable if, 
and only if, Y is amenable. Note also that a finite quantum group — that is, a 
compact quantum group {A, A) for which A is finite dimensional — is necessarily 
co-amenable, since in this case A = A. 

It is perhaps of some interest to interpret the idea of co-amenability in the 
context of a commutative compact quantum group (C(G),A) associated to a 
classical compact group G. Since the Haar integral is faithful, as we observed 
before, (C(G),A) is co-amenable if its co-unit is norm-bounded. That this is 
the case is trivial, since the co-unit is given by the (restriction of) the evaluation 
map, / i — ► /(e), where e is the unit of G. Thus, a classical compact group is 
"co-amenable" . 

The following theorem allows us to verify co-amenability without reference 
to the reduced compact quantum group. However, its real importance is its as- 
sertion that faithfulness of the Haar integral is a consequence of co-amenability. 
In p ractic e, it provides a useful method of showing such faithfulness (see Corol- 



lary |2.13| below) . 

The first paragraph of the proof of the theorem is taken from the proof of 
Theorem 8.1 of [[u] (the exactness assumption on A used in (li) is not needed 
here) . 

Theorem 2.2 A compact quantum group (A, A) is co-amenable if, and only if, 
its Haar integral is faithful and its co-unit is norm-bounded. 

Proof. Clearly, we need only show that if (A, A) is co-amenable, then h is 
faithful. Let / = Nh- If a £ I and a is a positive linear functional on A, 
then (cr <g> h)A(a*a) — a(l)h(a*a) = 0, since (id ig) h)A(a*a) — h(a*a)l. Hence, 
since a eg) h is positive, (a ® h)(cA(a)) = 0, for all c 6 A <E> A. Because a is 
an arbitrary positive linear functional on A, this implies (id ® h)(cA(a)) = 0. 
If t G A* and c = 1 <g> b, where b e A, then we have h(b(r ® id) (Aa)) = 
r((id ® h)(cA(a))) = 0. Hence, (r ® id)A(a) £ I. 

The co-units e r and e are norm-bounded, by co-amenability, so admit ex- 
tensions e r and e to A r and A, respectively, which satisfy e — e r 9. It follows 
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that r(o) = r((id <8> s)A(a)) = £ r #(( T ® id) A (a)) = e r (0) = 0. Since t was an 
arbitrary element of A* , we must have a = 0. Hence, Nh = 1 = 0; that is, /i is 
faithful. □ 



It follows from Theorem 2.2 that co-amenability is preserved under forma- 
tion of the tensor product of two compact quantum groups. This is the quantum 
counterpart of the statement that a product of two discrete amenable groups 
is amenable. Recall that the tensor product of two compact quantum groups 
(Ai,Ai) is the compact quantum group (A, A) = (A\ ® y4 2 , Ai x Aa) with co- 
multiplication defined by 

Ai x A 2 = (id ® F ® id)(Ai ® A 2 ) : A=> A® A, 

where F : A\ ® A2 — ► A2 <E> A\ denotes the flip map given by F(a\ ® 02) = 
a 2 ®oi, for ai £ and a 2 G A 2 . The Hopf ^-algebra of (A, A) is Ai ® -A 2 , 
where „4i is the Hopf ^-algebra of (Ai,A); the Haar integral and the co-unit of 
(A, A) are hi eg) /i 2 and £1 Cg> £ 2 , respectively, where hi is the Haar integral and 
£j is the co- unit of (Aj,Aj). 



If (Ai, A^ are both co-amenable, then, by Theorem 2.2, their Haar integrals 
hi are faithful, and therefore hi (£> /i 2 is also faithful. Hence (A, A) is equal to 
its reduced compact quantum group, so we only need to check that the co-unit 
£1 £ 2 is norm-bounded and this is obvious, since Si are both norm-bounded. 
Thus, [A, A) is co-amenable. 

In the reverse direction, if (A, A) is co-amenable, then both (Ai,Ai) and 
(A2, A 2 ) are co-amenable. For, faithfulness of hi <S> /la trivially implies faithful- 
ness of each of hi and /i 2 ; equally easily, norm-boundedness of £1 (g> £ 2 implies 
norm-boundedness of £1 and £ 2 . Hence, co-amenability of (Ai, Ai) and (A2, A 2 ) 



follows from Theorem 2.2 



This observation allows us to give an example of a compact quantum group 
(A, A) that is not co-amenable and that is neither co-commutative nor commuta- 
tive: We set Ai = C*(F 2 ) and A 2 = C(Ss), where F 2 is the free group on two 
generators and S3 is the finite (compact) group of permutations on three sym- 
bols. Then we let [A, A) be the tensor product of these two compact quantum 
groups. 

We turn now to finding other conditions equivalent to co-amenability or, 
more generally, conditions equivalent to norm-boundedness of the co-unit e. 

Recall a finite-dimensional unitary co-representation U G Mjv(C) ® A of 
(A, A) is said to be fundamental if its matrix elements Uij (relative to some 
system of matrix units for Mjv(C)) generate the Hopf *-algebra A associated 
to (A, A), as a *-algebra. The compact matrix pseudogroups, as defined by 
Woronowicz in Jl9| , are precisely the compact quantum groups that admit a 
fundamental unitary co-representation. 

The equivalence of Conditions (1) and (2) in the corollary of the following 
theorem can be regarded as a generalization of H. Kesten's classical characteri- 
zation of the amenability of a finitely-generated discrete group in terms of the 
spectrum of the sum of the generators in the regular representation (see H , and 
also ||). This equivalence, which is due to G. Skandalis, is proved in Hj. Its 
connection to Kesten's result is explained in || . The proof of our more general 
result is somewhat different. 



7 



Theorem 2.3 Suppose that {A, A) is a compact matrix pseudogroup and that 
U G Mjv(C) ® A is a fundamental unitary co-representation of (A, A). 
We set xu = EiLi U U- 

Of course, since \\Uij\\ < 1, for all indices i and j, \\Kexu\\ < N. 
The following are equivalent conditions: 

(1) The co-unite of (A, A) is norm-bounded; 

(2) N belongs to the spectrum ofKexu in A; 

(3) There exists a state r on A such that t(Kcxu) = N; 

(4) There exists a state r on A such that t(Uu) — 1, for i = 1, . . . , N. 

(5) For all scalars Ao , Ai , . . . , Xn , 

N N 

|^Ai| < ||A 1 + ^A^«||. (1) 

i=0 i=l 

Proof. Recall first from Jl9|, Proposition 1.8] that e is uniquely determined on A 
by e(Uij) — Sij, for all indices i and j. Especially, e(Uu) = 1 for all i, so we have 
^" A, = e(A l + 5^ 4=1 A»f7ii). The implication (1) =4> (5) follows by noting 
that if e is norm-bounded, its norm must be equal to one, and Inequality (^) 
is an immediate consequence. To see Condition (5) implies (4), we note that 
Inequality (|l|) implies that the linear functional to, defined on the linear span 
of 1 and the elements Uu by mapping all of these elements to 1 in C, is well 
defined and has norm equal to 1. By the Hahn-Banach theorem, to extends to 
a norm-one linear functional r on A. Since t(1) = ||t|| = 1, r is a state of A. 

Since a state is necessarily self-adjoint, the implication (4) (3) is clear. 

Set Xij = Uij - Sij and X = ££ =1 X^X^ + X l0 X* y Using the fact that 

E<=i u ij u ij = E<=i u a u ij = 1. we have X = 4(N- Re X u)- Hence, the ele- 
ment N — Rexa is positive. Therefore, N — Rexu is invertible if, and only if, 
there exists a positive number such that N — Kexu > S. Hence, N belongs to 
the spectrum of Kexu if) and only if, t(R&xu) = N, for some state r of A. 
That is, Conditions (2) and (3) are equivalent. 

Thus, it remains only to show that (3) =>■ (1). Suppose Condition (3) holds, 
so that there exists a state t on A such that t(N — Rex^) = and therefore, 
t(X) = 0. Hence, t(X* Xij) = t^X^X^ ■) = 0. Let ip be the GNS representation 
associated to r, acting on the Hilbert space H, and let x be the canonical cyclic 
vector associated to this representation, so that r(a) — ( <p(a)x \ x ) and ip(A)x is 
dense in H. Clearly, cp(Xij)x — <p(X*j)x — and therefore <p(Uij)x — <p(U*j)x — 
SijX. Hence, if a is product of matrix elements Uij and U^, then ip(a)x G Cx. 
Since U is a fundamental co-representation of (A, A), the closed linear span 
of such products is equal to A and therefore ip(A)x C Cx. Hence, H = Cx 
and therefore dim(if) = 1. It follows that ip is scalar- valued and therefore 
tp(a) = r(a)l, for all a £ A. Hence, t is a norm-bounded *-homomorphism. 
Moreover, since |T(Xy)| 2 < r{X*jXij) = 0, we have r(Uij) = 8^ = e(Uij), for 
i, j = 1, . . . , N. Hence, since the elements Uij generate A as a *-algebra, r = e 
on A and therefore e is norm-bounded. □ 

Corollary 2.4 With the same assumptions as in the preceding theorem, the 
following are equivalent conditions: 
(1) (A, A) is co-amenable; 



(2) N belongs to the spectrum of 9(Rexu) in A T ; 

(3) There exists a state r on A r such that T0(Hexu) = N; 

(4) There exists a state r on A r such that t9(Uu) = 1, for i = 1, . . . , N. 

( 5) For all scalars Ao, Ai, . . . , Xn , 

N N 

< \\\ Q l+Y, X A u n)l 

i=0 i=l 

Proof. The result follows from the theorem by observing that (id (g 0)(U) is a 
fundamental co-representation of (A T) A r ). □ 

If U is a a unitary co-representation of (A, A) on a Hilbert space H , so that 
U e M(K{H) (g A), the multiplier algebra of if (7?) <g A, recall that its matrix 
elements are the elements of A of the form (cu ® id)([7), where w is a strictly 
continuous linear map on K{H). Not every compact quantum group admits a 
fundamental unitary co-representation but all admit a unitary co-representation 
for which the matrix elements generate its C*-algebra (for example, the matrix 
elements of the regular co-representation have dense linear span in the C*- 
algebra) . 

If U is any unitary co-representation of (A, A) on a Hilbert space H and 
the co-unit e is norm-bounded, then (id (g s)(U) = 1 in B{H). For, the equality 
(id <g e)A = id implies U = (id <g> (id e)A)(U) = (id <g> id (g> e)(id ® A)([7) = 
(id <g) id® e)(C/(i2)C^(i3)) = ^((id ® e )(^) ® !)• Since C7 is invertible, we deduce 
that 1 (g 1 = (id <g> e)(U) (g 1 and therefore (id <g e)(U) = 1, as required. 



The following represents a partial generalization of Theorem 2.3 



Theorem 2.5 Let U be a unitary co-representation of (A, A) whose matrix ele- 
ments generate A as a G*-algebra. Then the following are equivalent conditions: 

(1) The co - unit e is norm-bounded; 

(2) There exists a state r of A for which (id (g t)(U) = 1. 

Proof. Taking r = e, the implication (1) => (2) is immediate from the re- 
marks preceding this theorem. To see the converse, suppose given a state 
r of A for which (id<gr)(£7) = 1. Let ip be the GNS representation asso- 
ciated to r. We suppose H is the Hilbert space on which ip acts and that 
x is the canonical cyclic vector for ip. As in the proof of Theorem we 
shall show that (fi(a) — r(a)l, for all a £ A. First, let a — (lo ®\&)(U) 
be a matrix element of U, where w is a strictly continuous linear map on 
K{H). We shall show that ip(a)x,(f(a)*x G Cx. Since ui is linear com- 
bination of strictly continuous states on K(H), to show this result we may 
suppose that w is a state. Then ||et|| < 1 and r(a) = w((id <g t)(U)) — 
lo{1) = 1; hence, < r((a - l)*(a - 1)) = r(a*a) - r(a) - t(o)- + r(l) < 
t(1) - 1 - 1 + t(1) = 0. Consequently, r((a - l)*(a - 1)) = 0, from which it 
follows that (p(a)x — x. Similar reasoning shows that r((a — l)(a — 1)*) = 
and therefore f(a)*x = x. Since the elements a = (w <g \d)(U) generate A, as a 
C*-algebra, we can now argue again as in the proof of Theorem |2.3| to deduce 
that ip(A)x — Cx. Hence, </?(a) = r(a)l, for all a € A, as claimed. This implies 
that t is a *-homomorphism on A. 

Now we shall show that (id <g r)A(a) = a, for all a € A. To see this, we may 
clearly suppose that a is a matrix element, a — (to <g id) (C/) , say. Then 

(id(gr)A(a) = (id (g t)(oj (g id <g id)(id ® A)((7) 
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= (id <8> r) (a; <g> id ® id) (U(i2) *7(i 3 ) ) 

= (w®id)(id®id(8)r)(J7( 1 2)?7(i3)) 

= (w®id)(l7((id®r)(l7)«>l)) 

= (w®id)(l7(l®l)) = a. 

We complete the proof now by showing that r(a) = e(a), for all a G .4: 
We have r(a) = r((e ® id) (A (a)) = e((id ® r)(A(a)) = e(a). Hence, r is a 
norm-bounded linear map extending e and therefore e is norm-bounded. □ 

Let us note explicitly that our proof of the preceding theorem shows that if 
r is as in Condition (2), then r is the — necessarily unique — extension of e to A. 

Corollary 2.6 Let U be a unitary co-representation of (A, A) whose matrix 
elements generate A as a C*-algebra. Then the following are equivalent condi- 
tions: 

(1) [A, A) is co-amenable; 

(2) There exists a state r of A t for which (id <g> rff) (U) = 1. 

Proof. The element V — (id ® 0)(*7) in the multiplier algebra M(K(H) ® A T ) 
is a unitary co-representation of (A r , A r ) whose matrix elements (w® id)(V) = 
0((w ® id)({/)) generate A r as a C*-algcbra. The result therefore follows directly 
from the theorem. □ 

We stated before the preceding theorem that it is a partial generalization 



of Theorem 2.3. To see why, let U G M^(C) ® A be a a finite-dimensional 
unitary co-representation of (^4, A) with matrix elements C/y (relative to some 
system of matrix units for Mjy(C)). The equation (id(g>r)(Z7) = 1 is clearly 
equivalent to the condition that r(Uij) — 5ij, for all i and j. Reasoning as in 



the proof of Theorem 2.3, this is easily seen to be equivalent to the condition 



that t(Uu) — 1, for all i. Hence, the p rece ding theorem implies the equivalence 



of Conditions (1) and (4) of Theorem 2^ 



We shall need the following result for the proof of Theorem 2.5 



Lemma 2.7 Let (A, A) be a compact quantum group for which the Haar in- 
tegral h is faithful. Let tt be a non-zero *-homomorphism from A to a C*- 
algebra B. Then the *-homomorphism, tt:A^A>S>B, a <— ► (id (8> 7r)A(a), is 
isometric. 



Proof. Let a € A and suppose that 7r(a) = 0. Then 7r(a*a) = and therefore 
= (h <8> id)7r(a*a) = n((h <g) id)A(a*o)) = 7r(ft(a*o)l) = h{a*a)n{l). Conse- 
quently, since 7r(l) ^ 0, we have h(a*a) — 0; faithfulness of h now gives a = 0. 
Hence, tt is injective and therefore isometric. □ 

The corollary to the following theorem gives another characterization of co- 
amenability, this time in terms of a scalar-valued *-homomorphism on the C*- 
algebra of the reduced quantum group: 

Theorem 2.8 Let (A, A) be a compact quantum group for which the Haar in- 
tegral h is faithful. Then the following are equivalent conditions: 

(1) The co - unit e is norm-bounded; 

(2) There exists a non-zero *-homomorphism t: A — > C. 
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Proof. The implication (1) => (2) is obvious. Suppose therefore that we have 
a non-zero *-homomorphism r: A — > C. If U is an A-dimensional unitary co- 
representation of (A, A), then (id (g) r)A(ZJy) = (id ® T)(J^ fc=1 {Jife (8) J7;y) = 
X}fc=i UikT(Ukj)- Also, since the matrix (T({7y-)) is a unitary, because r is a 
*-homomorphism, X^i( id ® T)A(Uij)r(Uij)~ = J2k,j=t UikT ( Uk i) T ( Ul ^~ = 
X)fc=i UikSki = C^ii- Hence, recalling that .4 is the linear span of the matrix 
elements of finite-dimensional unitary co-representations of (A, A), it is clear 
that the *-homomorphism t:A—* A, defined by setting f (a) = (id ® r)A(a), is 
surjective. Since /i is assumed to be faithful, it follows from Lemma |2.7| that 
f is an isometry. Therefore, if a G .A, |e(f(a)) = |r((e ® id)A(a))| = |r(a)| < 
||a|| = ||f(a)||. Therefore, e is norm-bounded. Hence, (2) ==> (1). □ 



Corollary 2.9 // (A, A) is an arbitrary compact quantum group, the following 
are equivalent conditions: 

(1) (A, A) is co-amenable; 

(2) There exists a non-zero *-homomorphism t: A? —> C. 

(3) The Haar integral on (A, A) is faithful and there exists a non-zero 
*-homomorphism r: A — > C. 

Proof. The equivalence between (1) and (2) follows immediately from the the- 
orem, since the Haar integral of (A T ,A T ) is faithful. The equivalence between 
(1) and (3) follows by combining the theorem and Theorem 2.2. □ 



As an immediate consequence of the equivalence between (1) and (2) above, 
we obtain the following corollary which is a special case of a result in Q . 

Corollary 2.10 Let T be a discrete group. The following are equivalent condi- 
tions: 

(1) r is amenable; 

(2) There exists a non-zero *-homomorphism t:C*(T) — ► C. 

If r is a discrete group, then its reduced group C*-algebra is given by a 
concrete faithful representation on the Hilbert space £ 2 (T). Given a compact 
quantum group (A, A), there is a natural faithful representation of (A T ,A T ) 
whose existence may be deduced from Q. For completeness, we now present 
this representation in details. Let it: A — > B{H) be the GNS representation of 
A associated to the Haar integral h of (A, A) and let z be its canonical cyclic 
vector, so that ir(A)z is dense in H and h(a) = (n(a)z | z), for all a G A. 
We denote by || • H2 the norm of H. We set A IC = ir(A) and A rc = n(A), 
so that A rc is a unital C*-subalgebra of B(H) and A IC is a dense unital *- 
subalgebra of A IC . The map tt is injective on A. For, if a G A and n(a) = 0, 
then ||7r(a)z||| = h(a*a) — and therefore, by faithfulness of h on A, a = 0. 
Hence, we can define linear maps, A rc : A TC — ► A IC ® A rCl Etc ■ A rc — * C and 
«rc : -4rc - > A'c by setting A rc (7r(a)) = (71" 7r)A(a), e rc (7r(a)) = e(a) and 
K rc (7r(a)) = 7t(k(o)), for all a£ A Clearly, A rc is a unital *-homomorphism. 

Theorem 2.11 Let (A, A) &e a compact quantum group and retain the notation 
of the preceding paragraph. The map A rc : A IC — > Arc ® A rc ^as a unique 
extension to a *-homomorphism A rc : A rc — > A rc ® v4 rc . T/ie pair (yl rc , A rc ) zs a 
compact quantum group with faithful Haar state h rc given by h rc (a) = (az | z ), 
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for all a £ A rc . The Hopf *-algebra associated to (A TC ,A TC ) is A rc — 7r(*4), 
with co-unit e rc and co-inverse k ic . The map n is a morphism of (A, A) onto 
(A TC , A rc ) and its kernel is equal to the left kernel of h, so that it induces a 
faithful representation of A T on H . This representation is an isomorphism of 
the compact quantum groups (A T , A r ) and (j4 rc ,A rc ). 

Proof. To prove that A rc : _4 rc — » tt(A) ® k(A) C B(H ® H) has an extension 
A rc : A rc — » B(H ® H), we construct a unitary W on H ® H. First, define 
the linear map W : A® A C H ® H — > A® A C H ® by setting Vy(a <g> 6) = 
A(6)(a ® 1), for all a, b £ A. We claim that W is isometric. To see this, let 
c = J2i o,i ® h £ A® A and A(bi) = J2k a i ® f° r finitely many elements 
af,6* e A. Then 

W(c)*W(c) = 5^(A(6i)(oi ® l))*A(6 j )(a j ® 1) 

= ]T(a* ® l)((a*)*4 ® {b k t yb)){ aj ® 1) = X;o?(o?)*oJ 0i ® 

and therefore 

|| Vt^(c) ||1 = (W(c)|W(c)) = (h®h)(W{c)*W(c)) 

ijfej kl 

= J2H*tt(id®h)A(b*b j )]a j ) = £>K*M^)1^) =Y t h{£a i )h($b i ) 

ij ij ij 

= (h® h)(^2 a*a 3 ® b*b 3 ) = {h® h)(c*c) = (c|c) = 
n 

Hence W is isometric, as claimed. Since A ® A is equal to the linear span 
of AA(A ®1), we have W(A <® A) = A ® A. It follows that W extends from 
the dense subspace A ® A to a unitary on H ® H . We shall denote this extension 
also by W . 

We claim that, for all a £ A, 

A rc (7r(a)) = W(7r(l) ® tt(o))W* ; (2) 

equivalently, A rc (n(a))W = W(n(l) ® n(aj). These operators are equal if they 
act identically on elementary tensors of the dense subspace A ® A of H ® H. 
Thus, let b, c £ A and observe that 

A TC (n(a))W{b ® c) = A rc (7r(a))A(c)(6 <g> 1) = ((tt ® 7r)A(a))A(c)(6 ® 1) 

= A(a)A(c)(6 ® 1) = A(ac)(6 <g> 1) = W(& ® ac) = W/(tt(1) ® ?r(a))(6 ® c). 

Thus, Equation (0) holds and it follows that A rc : Ac -> A rc (g>A rc C B(H®H) 
is norm decreasing. Consequently, it admits a *-homomorphism extension 
A rc : A IC — » A rc Cg) Ac- That A rc is a co- multiplication on A rc is an obvious 
consequence of its restriction to A rc being one, and density of A IC in A rc . It fol- 
lows directly, from the fact that the linear spans of (A ® 1)A„4 and (1 ® A) A A 
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are each equal to A <S> A, that (A rc , A rc ) is a compact quantum group. That ir 
is a morphism of compact quantum groups is obvious. 

Since h = on ker(7r), it induces a unique state h TC on A IC for which 
the °ir = h. Therefore, h TC (a) — (az \ z), for all a G A TC . It is easily verified 
that h rc is the Haar state of {A rc , A rc ). Suppose now a G A rc and h IC (a*a) = 0. 
Since iV/ tr( . is a two-sided ideal in A IC , ab G N^, for all 6 G A IC and therefore 
h IC (b*a*ab) = 0. Hence, ( a&.z | abz ) = for all b G A IC , which shows that a = 0. 
Thus, h IC is faithful. It clearly follows that the left kernel of h is equal to the 
kernel of w. Hence, the representation of A r on H induced by tt is faithful and 
then, by construction, an isomorphism of (A T , A r ) onto (A IC , A rc ). 

Finally, it is clear that ir(A) is a dense Hopf *-subalgebra of (A IC , A rc ) with 
co- unit e rc and co- inverse K rc , and therefore it is the Hopf ^-algebra associated 
to (A IC , A rc ), by uniqueness . □ 

We turn now to an application of some of our results to the the prototypical 
example of a compact quantum group, the quantization of SU (2) constructed 
by Woronowicz. We shall show that it is co-amenable, from which we shall 
obtain the known, and non-trivial, result that its Haar integral is faithful. It 
also follows from Banica's more general result |^|, Corollary 6.2] which uses the 
theory of 7?. + -deformations. Our quite elementary proof is totally different. 

Let q be a real number for which < \q\ < 1. Let (^4, A) = SU q (2), and let 
a and 7 be the canonical generators of A, satisfying the conditions of Table 
of 0. Let k £ Z and m,n € N. Set a kmn = a^~/ m ~f* n , where = a k , 
if k > and a> k ' = (a~ k )*, if k < 0. Recall that these elements a^nm form a 
linear basis for the Hopf *-algebra A associated to (^4, A) and that h(akmn) = 0, 



U = 



if k ^ or if m ^ n [19| Equation A1.8]. 

Take U to be the fundamental irreducible co-representation of SU q (2) given 

by 

a — (77* 
7 a* 

Before stating the following theorem, we make an elementary observation: 
If V is the forward unilateral shift on a Hilbert space H with orthonormal basis 
(en)neN, so that Ve n — e„+i, then there exists a state r on B(H) such that 
t(V) = 1 and t(K) = 0, for all compact operators K G B(H). To see this, 
one observes that the image of V in the Calkin algebra C of H is a unitary 
containing 1 in its spectrum and therefore there exists a state on C whose value 
at this unitary is equal to 1. The required state on B(H) is then the composition 
of the state on C and the quotient map from B(H) to C . 

Theorem 2.12 The compact quantum group SU q (2) is co-amenable. 

Proof. As before, let (A, A) = SU q (2) and let a and 7 be the canonical gener- 
ators of A. Set &n = (1 - q 2n ) 1/2 , for n G N. Recall from Appendix A.l of |?0) 
that A admits a representation tp on a Hilbert space H with an orthonormal 
basis (e ra; fe), where n G N and k G Z, such that 

<p{a)e nk = c„e„_i ife and tp{^)e nk = q n e n<k+ i 

oc 

ft(a) = (1 - q 2 ) ^2 ( <^( a ) e no I e„ )• 

n=0 



and that 



13 



It follows immediately that h(a*a) — if, and only if, ip(a)e n o = 0, for all 
n G N. Using the equations (p{-y m )e n0 = q nm e nm and Lp(j* m )e n0 = q nm e n - m , 
for m > and the fact that 07™ and a^* m belong to Nh, if a does, we get 
that h(a*a) = if, and only if, (p(a) = 0. Hence, we get an induced faithful 
representation ip of A T on H given by ip9(a) = <p(a). 

Now, for k G Z, let iT^ be the Hilbert subspace of H with orthonormal basis 
(enfc)neN- Obviously, 77 = ©fc-fffc, and T = if (a) reduces each space Hk, so that 
T = ©fcTfe, where Tk is the restriction of T to We have Tke n k = c n e n -\,ki 
so that Tfc = U£Dk, where Uk is the forward unilateral shift on the basis (e n k) n 
of Hk and Dfc is the diagonal norm-bounded linear operator on Hk defined by 
setting Dk(e n k) = c n e n k- Since limc„ = 1, it is clear that Dk = 1 + where 
Lfe is a compact operator on 77^. Hence, Tk = U£ + U£Lk- By the remarks 
preceding this theorem, there exists a state r K 6 B{Hk) such that Tk(Tk) = 1. 
For A; G Z, chose positive numbers such that J2kez *fc = 1- Now define a state 
t on the C*-algebra ®kB{Hk) containing T by setting t(S) = J2keztkT~k(Sk), 
if S = (Sk)k G ®kB(H k ). Clearly, r(T) = 1. Now let r' be the state ti{j on A r . 
Then T'(6(a)) = r(T) = 1 and therefore r'(9(Rex;y) = r'0(a) + (V'0(a))- = 2. 
Hence, (A, A) is co-amenable, by Condition (3) of Corollary 2.4. □ 



Corollary 2.13 (G. Nagy) The Haar integral h of SU q (2) is faithful. 



Proof. This is a consequence of the preceding theorem and Theorem 2.1. □ 



There is an alternative way of proving SU q {2) = (A, A) is co-amenable, 



using the fact that A is of Type I, as a C*-algebra |19, Theorem A2.3]. Since 
A v is unital, it admits a maximal ideal /. Since A T /I is a Type I simple unital 
C*-algebra, it is isomorphic to Mjv(C), for some positive integer TV. Thus, we 
have a surjective *-homomorphism it from A r onto Mjv(C). The existence of 
a faithful, tracial state on Mjy(C), together with the commutation relations 
of Jl^, Table 0] for the canonical generators a and 7, forces the image ^(7) of 
7 in M/v(C) to be equal to zero and 7r(a) to be a unitary. Since 7r(a) and 7r(7) 
generate Mjv(C), this implies that Mat(C) is commutative. Hence, TV = 1 and 
Mjv(C) = C. Thu s, ^4 r admits a *-homomorphism onto C and it now follows 



from Corollary 2.E that SU q {2) is co-amenable 



3 The Universal Quantum Group 

In this section we first give a detailed account on the construction of the universal 
compact quantum group associated to an arbitrary compact quantum group. 
One way to construct such an object relies on Baaj and Skandalis' theory of 
regular multiplicative unitaries Q. A general construction for locally compact 
quantum groups has recently been given by J. Kustermans pp| . However, our 
approach, which is briefly sketched by Woronowicz in pl[ for compact matrix 
pseudogroups, is much less technical and is therefore included. The reduced 
quantum group has the advantage that the Haar integral is always faithful, 
whereas its co-unit need not be norm-bounded. For the universal quantum 
group the situation is the opposite; its co-unit is always norm-bounded, whereas 
its Haar integral need not be faithful. 
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Let (A, A) be a compact quantum group. Define || • || u on A by 

||a|| u = sup||7r(o)||, 

7T 

where the variable tt runs over all unital *-homomorphisms tt from A into 
B(H 7r ), for a Hilbert space (the unital * -representations of .A). 

Lemma 3.1 The function || • || u : A — ► [0, oo] is a C* -norm on A which ma- 
jorises any other C* -norm on A. 

Proof. We first need to show that ||a|| u is finite, for all a e A. Let (U a ) a be 
a complete set of inequivalent, irreducible unitary co-representations of (A, A); 
then the matrix elements U°- linearly span A. Clearly, it suffices to show that 
||f t °||u < oo, for all a and i, j. Suppose then tt : A — > B(H) is a unital *- 
representation of A on some Hilbert space H. Since X^fe(^fei)*^fei = 1) we have 
= 1 - Ek^mrU^, and therefore 

< (7T([/£))*7r(^) - TT(l) - £W^)r^S) < TT(l). 

Hence, \\tt(U%)\\ 2 = ||(7r(C^))*7r(^5)ll < IKCOH = 1- It Allows that ||[/«|| u 
is finite. (Note that although < ||a*a||7 — a*a, for any a 6 A, we cannot 
conclude ||a*a||7 — a*a = b*b, for some element 6 belonging to A. This is why 
the preceding argument had to be more careful than one might first expect and 
had to use the rather strong property that A is the linear span of the matrix 
elements U°-.) 

It is clear now that || • || u is a C*-seminorm on A and since A admits a faithful 
unital ^-representation, || • || u is, in fact, a C*-norm. That || • || u majorises any 
other C*-norm on A is clear from its definition. □ 

We define A u to be the C*-algebra completion of A with respect to the 
C*-norm || • || u . As usual, we identify A with its canonical copy inside A u . 
The C*-algebra A u has the universal property that if tt: A — > B is a unital 
*-homomorphism from A to a unital C*-algebra B, it extends uniquely to a 
*-homomorphism from A u to B, since 7r is easily seen to be norm-decreasing on 
A equipped with its universal norm. 

In particular, the *-homomorphism A: A — > A <8> A C A u ® A u extends to a 
*-homomorphism A: A u — ► A u ® A u . It is easily verified A is a co- multiplication 
on A u . Since the linear spans of the sets (A® 1)A^4 and (1 (8> A)AA are each 
equal to A® A, it follows immediately that (A U ,A) is a compact quantum 
group. We call it the universal compact quantum group associated to (A, A). 

Since A is, by construction, a dense Hopf *-subalgebra of (A U ,A), it is the 
Hopf *-algebra associated to (A u , A), by uniqueness. 

Note also that the co-unit e of A, being a *-homomorphism from A to C, 
extends to a *-homomorphism e u from A u to C. By density of A in A u , the 
equalities (e (g> id)A(a) = (id ® e)A(a) = a, which hold for all a £ A, extend 
to (e u ®id)A(a) = (id Cg) e n )A(a) = a, for all a e A u . Hence, £ u must be the 
unique extension to A u of the co-unit of (A u , A). The important point we wish 
to emphasize here is that (A u , A) has thus a norm-bounded co-unit. 

Clearly, by the universal property of (A u , A), there is a *-homomorphism tp 
from A u onto A extending the identity ^-isomorphism from A to itself. Also, 
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Alp = (ip ® tp)A. We call ip the canonical map from A u onto A. Likewise, if 9 
is the canonical map from A onto A T , we call the composition 9ip the canonical 
map from A u onto A T . 

Clearly, hip is the Haar integral h u of (A U ,A); hence, h u = h r 9ip. Since 
h r is faithful, it follows that Nh u — ker(9ip). From this it is immediate that 
the reduced compact quantum group of (A u , A) is (isomorphic to) (A T , A r ) and 
that ip6 is the canonical map from (A u , A) onto (A T , A r ). Therefore, (A u , A) is 
co-amenable if, and only if, (A, A) is co-amenable. 

We summarise the preceding discussion in the following theorem. 

Theorem 3.2 Let (A, A) be a compact quantum group. Then A is the Hopf 
*-algebra associated to the universal compact quantum group (A U ,A). The co- 
unit of(A u ,A) is norm-bounded. Finally, the reduced compact quantum group 
of(A u ,A) is (isomorphic to) (A T ,A T ), so that (A U ,A) is co-amenable if, and 
only if, (A, A) is. 

It is quite obvious that the universal compact quantum group (C*(T),A) 
associated to a discrete group T is its own universal compact quantum group; 
that is, if (A, A) = (C*(T),A), then (A U ,A) = (A, A). Moreover, if (A, A) = 
(C*(r), A r ), then (A U ,A) = (C*(T), A). This is the motivating example for the 
general definition of the universal compact quantum group. 

Suppose now (A, A) is an arbitrary compact quantum group. It is easy 
to see that if (B, $) is a compact quantum group whose associated Hopf * - 
algebra (£>, $) is isomorphic to (A, A), then (B u ,&) is isomorphic to (A U ,A). 
In particular, the universal compact quantum group associated to (A T , A r ), or 
to (A u , A), is isomorphic to (A u , A). 

We call a compact quantum group (A, A) universal if (A, A) = (A n , A), 
i. e. if the canonical map ip from A u onto A is injective. Equivalently, (A, A) 
is universal if, and onl y if, the given norm on A is its greatest C 



will show in Corollary 3/7 that any co-amenable compact quantum group is 
universal. 

We prove now a striking automatic continuity result for positive linear func- 
tionals on the Hopf *-algebra of a universal compact quantum group. Recall 
that a linear functional r on a *-algebra B is called positive if r(b*b) > 0, for 
all b e B. 

Theorem 3.3 Suppose that (A, A) is a universal compact quantum group. Then 
every positive linear functional r on A is norm-bounded. 

Proof. We form the GNS representation of A with respect to r: Since the map 
(a, b) > r(b*a) is sesquilinear, the inequality |t(&*ci)| 2 < T(b*b)r{a* a) implies 
that the left kernel N T of r is a left ideal of A. Hence, the quotient space A/N T is 
a inner product space with inner product given by ( a + N T \ b + N T ) = r(b*a), 
where a, b £ A. Denote the Hilbert space completion by H and its norm by || ■ ||2- 
Define the operator M a : A/N T -> A/N T by setting M a (b + N T ) = ab + N T , for 
all a, b e A. 

We shall show now that M a is norm-bounded, for all a £ A. Since the map, 
a i ► M a , is linear, it suffices to show boundedness for a — fTy, where {U a ) a is 
a complete set of inequivalent, irreducible unitary representations of (A, A) and 
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IT?- are the matrix elements of U a . We have, for all b € A, 

b*b - b*(u°yu«b = b*(j2(Uk t ru^b = J2(um*mb) > o. 

k^j k^j 

Hence, \\U%b+N T g = r{b* (U£)*U£b) < r{b*b) = \\b+N T \\l so that ||M„|| < 1. 
(This kind of argument was used tacitly in the proof of the generalized Tannaka- 
Krein theorem in [pl|| .) 

Hence, for all a£i, we may extend M a to a norm-bounded operator ir(a) 
on H. The corresponding map, 7r : A — > B(H), a i— > 7r(a), is obviously a unital 
^-representation of A. By the universal property of A u , this map extends to 
a *-homomorphism ir: A u — » B(H). Since, for all a £ r(a) = (7r(a)x | x), 
where x = 1 + iV T , we have 

|r(a)| = | x)| < \\n(a)\\\\x\\l = ||7r(a)||r(l*l) < |]a||«r(l). 

Hence, r is norm-bounded with respect to the universal C*-norm on A. Since 
(A, A) is assumed to be universal, this norm is equal to the given norm on A. □ 

When A is a unital C*-algebra, one may consider the C*-algebra invariant 
consisting of all non-zero *-homomorphisms from A to C, i. e. of all unital mul- 
tiplicative linear functionals on A. This (possibly empty) set is clearly compact 
in the relative weak* topology inherited from A*. Of course, when A is com- 
mutative, it is precisely the Gelfand spectrum of A. For some other classes 
of (non-simple) C*-algebras, this generally rather poor invariant is of some in- 
terest. For example, when A is the universal compact group associated to a 
discrete group T, it is easily identified with the dual group of the abelianizcd 
group of r (see |^|) and therefore it is computable in many cases. We will 
show below that this invariant is a compact group for any universal compact 
quantum group. 

We need a lemma which may be known to specialists, but for which we could 
not find a suitable reference in the literature. 

Lemma 3.4 If (A, A) is a compact quantum group, the unital multiplicative 
linear functionals on A form a group under the multiplication, (r, <j) t * a, 
where r * a = (r ® a) A. The unit is e and the inverse of the element r is tk. 
Moreover, the *-homomorphisms from A onto C form a subgroup (which may 
be proper). 

Proof. That the operation is closed and associative and the co-unit is a unit 
for this operation is well known. We prove first that the inverse of the element 
r is tk. To sec t * (tk) = e, let a £ A, and observe that (t * (tk))(s) = 
(r®TK)A(a) = r(m(id <g> k)A(o)) = r(e(a)l) = e(a). Here m: A <g> A —> A 
is the linearization of the multiplication A x A — > A. We used the fact that 
r ® tk = Tm (id ® k) which is a consequence of the multiplicative property 
enjoyed by r. That (tk) * r = e is similarly proved. Now if r: A — > C is 
a *-homomorphism, then tk is also. We prove this indirectly. The map f 
: id <g) t)A: A — > A is a *-homomorphism, since r is one. Moreover, f((r«)~(a)) = 
(t*tk)~(o) — e(a) — a and likewise (rK)'(f(a)) = ((tk) * T)*(a) = e(a) = a. 
Hence, (tk)" is the inverse of f and it is therefore also a *-homomorphism. 
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Finally, since tk = e o (tk)" is a composition of *-homomorphisms, it is one also. 
Hence, the *-homomorphisms from A onto C form a subgroup, which may be 
proper since multiplicative linear functionals on a *-algebra do not necessarily 
preserves adjoints. □ 



Theorem 3.5 If (A, A) is a universal compact quantum group, then the set 
G of unital multiplicative linear functionals on A forms a compact topological 
group under the relative weak* topology and the multiplication, (r, er) i— > t * a, 
where r * a = (r ® er)A. 

Proof. As before, closure and associativity of the multiplication operation is 
well known and since the co-unit of (A, A) is norm-bounded, its extension to A 
exists and provides a unit for G. If r is a unital multiplicative linear functional 
on A, it is necessarily a *-homomorphism. Hence, if r is its restriction to 
A, the functional tk is also a *-homomorphism, by the preceding lemma. By 
universality of (A, A), tk admits an extension to a *-homomorphism, a say, 
on A. Since (r(g)cr)A(a) = (a ® r)A(a) = e(a), for all a £ A, the same 
equalities hold for all a £ A, by continuity. Thus, t*o- = o*t = e. It is 
straightforward to check that G is a weak* closed subset of the unit ball of A* 
and therefore, by the Banach-Alaoglu theorem, G is weak* compact. It is also 
easily checked that the multiplication operation is weak* continuous, as is the 
inversion operation t i—> t . This proves the theorem. □ 

As an example, let (^4, A) be the compact quantum group SU q (2), where 
gGR and < \q\ < 1. Being co-amenable, (A, A) is universal. Let a and 7 
be the canonical generators of A. If r belongs to the group G of multiplicative 
linear functional on A, then the equations act* + 77* = 1 = a* a + ? 2 7*7 
imply that t(^) — and t(q) belongs to the unit circle group T. Conversely, 
given A e T, the universal property enjoyed by A implies that there exists 
a — necessarily unique — element r of G for which t(o) = A (and t(j) = 0). 
Since Aa — a® a — qj* (g> 7, we have (r * a)(a) — T(a)cr(a), for all r, cr £ G. 
Hence the map, r 1— * r(a), is a group isomorphism from G onto T. It is trivially 
continuous, so that it is also a homeomorphism (since the spaces are compact 
and Hausdorff). Thus, G = T, as topological groups. 



Lemma 3.4 can be used to give an alternative proof of Corollary 2.£: Let 
(^4, A) be a compact quantum group and suppose given a *-homomorphism 
r: A — > C. Of course, its restriction to A is therefore a *-homomorphism, from 
which it follows that tk is one also. Hence, by 0, Lemma 10.2], {tk )" is an 
isometry (we are retaining the notation used in the proof of Lemma p.4|) . Since 
e = t o (tk)" is the composition of two norm-bounded maps, it is norm-bounded 
and therefore (A, A) is co-amenable. 

We now come to one of the main results of the theory. It especially confirms 
that the Haar integral of a co-amenable compact quantum group is faithful. 
The equivalence between (1) and (2) shows that our definition of co-amenability 
agrees with the one considered by Banica fi |j| . 

Theorem 3.6 The following are equivalent conditions for a compact quantum 
group (A, A): 

(1) (A, A) is co-amenable; 

(2) The canonical map from A u to A r is a * -isomorphism; 
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(3) The canonical maps from A n onto A and A onto A T are *- isomorphisms; 

(4) The Haar integral h u of (A u , A) is faithful. 



Proof. If Condition (1) holds, then (A u , A) is co-amenable, by Theorem 3.2 and 



therefore h u is faithful, by Theorem 2.2. Thus, (1) (4). Since h u = hip 



h r 9i/j, it is clear that Condition (4) implies (2). The equivalence of Conditions (2) 
and (3) is trivial. Suppose now that (2) holds and let e u be the extension of the 
co-unit of (A U ,A) to A u Then e u (9ip)~ l is a non-zero *-homomorphism on Al- 



and therefore, by Corollary 2.9, (A, A) is co-amenable. Thus, (2) => (1). This 
proves the theorem. □ 



The following is now immediate from the theorem, from Theorem 3.3 and 
from Theorem |3.5| . 

Corollary 3.7 Let (A, A) be a co-amenable compact quantum group. Then 
(A, A) is universal. Especially, every unital *-homomorphism from A to a uni- 
tal C*-algebra is necessarily norm- decreasing. Further, every positive linear 
functional on A is norm-bounded. Finally, the unital multiplicative linear func- 
tional on A form a compact group 

Note that co-amenability imposes a norm-boundedness condition on just a 
single postive linear functional (the co-unit of the reduced quantum group). 
However, the corollary shows it implies a much stronger norm-boundedness 
result. 



The equivalence between (1) and (3) in Theorem 3.6 may be rephrased as 
saying that a compact quantum group (A, A) is co-amenable if, and only if, it is 
both universal and reduced. Note in this connection that C* (F2) ® C* (F2) is an 
example of a compact quantum group which is neither universal nor reduced, 
since, obviously, its Haar integral is not faithful and its co-unit is not norm 
bounded. 

If (A, A) is an arbitrary compact quantum group, we know that || • || u is the 
greatest C*-norm on the associated Hopf ^-algebra A. We define a C*-seminorm 
on A by setting ||et|| r = ||0(a)||, for all a G A. This is, in fact, a C*-norm, since 
is injective on A. Therefore we can regard not only (A U ,A) and (A, A) as 
compact quantum group completions of A, but (A r , A r ) also. When we say that 
a compact quantum group (A c , A c ) is a compact quantum group completion of 
A, we mean not only that A is a dense unital *-subalgebra of the C*-algebra, 
but also that the co-multiplication A c extends the co-multiplication A of A. 
We shall call a C*-norm || • || c on A regular if it is the restriction to A of the 
norm of a compact quantum group completion (A c , A c ) of A. Thus, the given 
C*-norm on A and the norms || • || u and || • || r are regular. 

We show now that || • || r is the least regular C*-norm on A. 

Theorem 3.8 Let (A, A) be a compact quantum group and \\ ■ || c be a regular 
C*-norm on A. Then ||a|| r < ||a|| c < ||a|j U; for all a G A. If (A c , A c ) is the 
compact quantum group completion of A with respect to \\ ■ \\ c , then there exist 
unique *-homomorphisms ip> c : A u — > A c and 6 C : A c — > A T extending, in each case, 
the identity automorphism on A. Both maps are quantum group morphisms. 

Proof. Given the maps ip c and 9 C exist, it follows trivially from density of A in A u 
and Ac, respectively, that they are unique and are quantum group morphisms. 
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The norm inequality || • || c < || • || u is already known and the existence of the map 
ip c is obvious. If we show || • || r < || • || c , the existence of 9 C follows trivially. We 
turn now to showing this inequality. Before proceeding, let us first observe that 
\h(a)\ < \\a\\ c , for all a £ A. Let h c denote the Haar integral of (A c , A c ). When 
we regard A as a Hopf *-subalgebra of (A c , A c ) and of (A, A), as we do here, we 
have h c (a) = h(a) for all a £ A, by uniqueness of Haar integrals. Consequently, 
|/i(a)| = |/i c (a)| < ||a|| c , as claimed. 

Again suppose a 6 A. Since the Haar integral h r of (A r ,A r ) is a faithful 
state of A I: it follows from jl4|, Theorem 10.1] that 

\\a*a\\ x = \\6(a)*6(a)\\ = lim[h r ((8(ay8(a)) n )]V n . 

Using the fact that h = h^O, we get ||a*a]] r = lim[/i(a*a)™)] 1 /™. By our 
observations in the preceding paragraph, h((a*a) n ) < \\(a*a) n \\ c . Therefore, 
||a*o|| r < lim ||(a*a) n ||c /n = ||o*a|| c and hence ||a|| r < ||a|| c , as required. □ 



Corollary 3.9 Let (A, A) be a compact quantum group with associated Hopf 
*-algebra A. Then (A, A) is co-amenable if, and only if A admits only one 
quantum group completion (up to isomorphism). 

Proof. This follows immediately from the theorem and the observation that 
(A, A) is co-amenable if, and only if, || • || u = ||- || r , as norms on A; this observation 



is an immediate consequence of Theorem 3.6. □ 



The qualifying word regular may not be dropped in the statement of The- 
orem |3.8| . This may be seen as follows: Let L denote a discrete group. Set 
(A, A) = (C*(r), A), and recall that A is the group algebra of L. Let W be a 
unitary representation of T on a Hilbert space H and denote by tt the associated 
representation of C*(T) on H, so that tt(C*(L)) = C*(W), where C*{W) de- 
notes the C*-algebra generated by all W x ( x £ L). Then define a C*-seminorm 
|| • on A by setting \\a\\ v = ||Tr(a)||. Assume that || • is a C*-norm on A; 
that is, 7r is faithful on A. Then the completion of A with respect to || ■ || w may 
be identified with C*(W). 



If we now assume that Theorem 3.8 holds without the qualifying word 



regular, the regular representation L of T is clearly weakly contained in W; 
that is, there exists a *-homomorphism <f> from C*(W) onto C*(L) satisfying 
<f>(W x ) = L x , for all ieT. If we also assume that T is amenable, then ip is a 
^-isomorphism (since it clearly admits an inverse in this case). Now set L = Z. 
Then C*(L) = C(T) and L\ has spectrum T. This forces W\ to have spec- 
trum T also. To get a contradiction we need now only show W\ does not have 
to have spectrum T. To do this, choose a unitary V on a Hilbert space with 
infinite spectrum not equal to T. This induces a representation W of Z and 
the corresponding homomorphism tt is injective on C(Z), since sp(y) is infinite 
(this implies all the powers 1, V, V , ... are linearly independent). Thus, this 
representation W satisfies the required conditions and the spectrum of W\ = V 
is not equal to T. 

An open question in this setting is whether | • 1 1 ff is necessarily regular when- 
ever L is weakly contained in W. We doubt that the answer is positive. It is 
worth mentioning here that Woronowicz shows in [|l9[ Theorem 1.6] that if T is 
finitely generated and W is a faithful representation of T such that W <g> W is 
(strongly) contained in a multiple of W, then || • || is regular. However, the only 
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known representations satisfying these assumptions seem to be the universal and 
the regular ones, and the external tensor product of such representations. 

4 Quantum semigroups and co-amenability 

In this short section we give a sufficient condition ensuring that a compact 
quantum semigroup is a compact quantum group. Recall that a compact quan- 
tum semigroup is a pair (A, A) consisting of a unital C*-algebra A and a co- 
multiplication A: A — > A ® A. Of course, if, in addition, the linear spans of the 
spaces (A ® 1)AA and (1 (g) A) AA are each equal to A tg A, then (A, A) is a 
compact quantum group. A Haar integral on a compact quantum semigroup 
(A, A) is defined in the usual way as a state on h on A for which we have 
(id ® h)A(a) — (h ® id)A(a) = h(a)l, for all a £ A. It is trivial to verify that 
at most one Haar integral can exist. Not every compact quantum semigroup 
admits a Haar integral, nor does the existence of a Haar integral imply that a 
compact quantum semigroup is a compact quantum group Jl4[ . 

A bounded co-unit for a compact quantum semigroup (A, A) is defined as a 
unital *-homomorphism e from A to C such that, for all a G A, (e ® id)A(a) = 
(id ® e)A(a) = a. The example given in pTj of a compact quantum semigroup 
having no Haar integral has got a bounded co-unit. Thus, the existence of 
a bounded co-unit does not ensure that a compact quantum semigroup is a 
compact quantum group. 

We shall need some notation for the following two results. If a, b G A, we 
write a * (hb) for the element (h (g) id) ((6 ® l)A(a)) and (ha) * b for the element 
(id<g>/i)((l<g>a)A(&)). 

Lemma 4.1 Let (A, A) be a compact quantum semigroup admitting a Haar 
integral h. Then, for all a,b £ A, the element 1 ® a * hb belongs to the closed 
linear span of (A® 1) A A. Likewise, (ha)*b®l belongs to the closed linear 
span of (1 ® A)AA. 

Proof. If F: A® A — > A® A is the flip automorphism, then the opposite compact 
quantum semigroup (A, FA) also has the state h as its Haar integral and e as 
a bounded co-unit. It follows that if we show that 1 ® a * hb belongs to the 
closed linear span of (A ® 1)AA, then we can deduce from this result applied to 
(A, FA) that (ha) * b ® 1 belongs to the closed linear span of (1 ® A) AA. The 
demonstration that 1 ® a * hb belongs to the closed linear span of (A ® 1)AA is 
given in the proof of Theorem 3.3 of |l4| . The strong hypotheses of Theorem 3.3 
are not needed for our result, which only needs the fact that (A, A) is a compact 
quantum semigroup admitting a Haar integral, as can be verified by a careful 
reading of the proof in |l4| . □ 

Theorem 4.2 Let (A, A) be a compact quantum semigroup admitting a faithful 
Haar integral and a bounded co-unit. Then (A, A) is a co-amenable compact 
quantum group. 

Proof. If we show that (A, A) is a compact quantum group, its co-amenability 
follows from Theorem |2.2| . By the preceding lemma, we need then only show 
that the closed linear span L of the elements a * hb, where a, b <E A, and the 
closed linear span R of the elements (ha) * b, are both equal to A. For, in 
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this case, 1 <g> A and A % 1 are subsets of the closed linear spans of (A <g> 1)AA 
and (1 <g> A)AA, respectively and therefore each of these closed linear spans is 
equal to A ® A, thereby ensuring (A, A) is a compact quantum group. Co- 
amenability is then immediate. We shall show only that L = A; the proof that 
R = A is similar. Arguing by contradiction, suppose that L ^ A, so that there 
exists a non-zero element t G A* that vanishes on L. Then r(a * hb) = 0, 
for all a, b E A. Thus, (r ® hb)A(a) = 0; that is, ft(6((Y ® id)A(a))) = 0. By 
faithfulness of ft, we deduce that (r (g) id) A (a) = 0. Applying e now we get 
= e((r ® id)A(a)) = r((id ® e)A(a)) = r(a). Hence, r = 0, a contradiction. 
Therefore, L = A, as required. □ 

The question arises as to whether one can drop the faithfulness requirement 
on the Haar integral h in the preceding theorem. The answer is no. To see this let 
A = C(D), the C*-algebra of continuous complex- valued functions on the closed 
unit disc D. A co-multiplication A on A is given by setting A(/)(s, t) — f(st), 
for all s,t £ C. The linear functional So on A defined by evaluation at the origin, 
<5o(/) = /(0), is a Haar integral for (A, A) and the functional <5i is a bounded 
co-unit. But (A, A) is not a compact quantum group, by Proposition 2.2]. 

5 Appendix 

For the convenience of the reader we gather here some basic facts about compact 
quantum groups ( see pL [l4|, |2(J for more information). 

A compact quantum group (A, A) consists of a unital C*-algebra A and a 
unital *-homomorphism A : A — > A <g> A (called the co- multiplication) satisfying 

(id® A)A = (A®id)A 

and such that the linear spans of (1 ® ^4) A A and (A ® 1)AA are each dense 
in A <£> A. A morphism from (A, A) to a compact quantum group (B, A') is a 
unital *-homomorphism tt: A — > B satisfying A'w = (tt ® tt)A. 

There exists a unique state h on A called the Haar integral of (A, A) which 
satisfies 

(h <g> id) A = (id <g> h)A = h(-)l. 

By a Hopf *-subalgebra A of a compact quantum group (A, A) we mean a 
Hopf *-algebra such that A is a *-subalgebra of A with co-multiplication given 
by restricting the co- multiplication A from A to A. The co-unit e: A — > C and 
the co-inverse k: .4 — > *4 of ,4 are linear maps satisfying 

(e (g> id) A = (id <g> e)A = id, 

m(fc £g> id) A = m(id ® k)A = e(-)l, 

where to: ^4 ® A —* A denotes the multiplication map. The co-unit e is known 
to be a *-homomorphism. 

Any compact quantum group (A, A) has a canonical dense Hopf *-subalgebra 
A consisting of the linear span of the matrix entries of all finite dimensional co- 
representations of (A, A). By abuse of language e and k are also refered to as the 
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co-unit and the co- inverse of (A, A). We call A the associated Hopf ^-algebra 
of (A, A). 

The associated Hopf *-algebra of a compact quantum group has the following 
uniqueness property (which is stated without proof in [jTl|| ). 

Theorem 5.1 The associated Hopf ^-algebra A of a compact quantum group 
(A, A) is the unique dense Hopf *-subalgebra of (A, A). 

Proof. Let B be another dense Hopf *-subalgebra of (A, A). We must show that 
A = B. First we show that B is the linear span of the matrix entries of those 
finite-dimensional co-representations which have matrix entries belonging to B. 
This will immediately imply that B C A. Thus let i£B. Then we may write 
<-^( x ) — J2i x i ® f° r finitely many Xi,yi £ B with {yi} linearly independent. 
Pick linear functionals {^} on B such that £,i{yj) — Sij, for all i, j. Then 

A(xi) = (id ® id ® &) ^2 A ( x j) ® 2/j = ( id ® id ® &)(A ® id)A(x) 

= (id® id® &) (id® A)A(z) =^ajj® (id®^ i )A(y i ), 

i 

for all z. Thus, if we let {e^} denote a linear basis for the vector subspace of B 
spanned by {xi}, there exist finitely many elements Zi,Wki in B such that 

A(x) — 22 e » ® z * an d ^( e i) = e fe ® w fcj i 
for all j. Now 

e ; ® wik ® i«fej = 51 A(e fe ) ® w fci = (A ® id)A(ej) 

k,l k 

= (id®A)A(ej) = ^ e ; ® A(iuy), 
so by linear independence of {e^}, we get 

fc 

for all j, Z. It follows that w — (wy) is a finite-dimensional co-representation 
of (A, A) with matrix entries belonging to B. Furthermore, the element x is a 
linear combination of the matrix entries of w because 

x = (id® e)A(x) = ^£(zj)e, = ^ e(z i )(e ® id)A(e l ) = e(zjej)wji , 

z i ij 

where e is the co-unit of B. This proves that B C A. 

To prove the converse inclusion, first observe that B is the linear span of the 
matrix entries of those finite-dimensional irreducible unitary co-representa- 
tions of (A, A) with matrix entries belonging to B. To see this, consider the 
co-representation w constructed above, and define elements Vij = Wij + (5ij — 
e(wij))I G B, for all where e now denotes the co-unit of A. It is easily 
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checked that v — (vij) is a co-representation of (A, A). Since = %, 

for all the co- representation v is invertiblc with inverse v^ 1 = (^(vy)), 
where n is the co-inverse of A. Now it is known |ll], that any invertible co- 
representation is equivalent to a direct sum of irreducible unitary ones. Since the 
invertible co-representation v has matrix entries in B, its irreducible components 
are easily seen to also have matrix entries belonging to B. It then follows that 
B is a linear span of the required sort. 

To conclude that A. C B, we now show that every finite-dimensional ir- 
reducible unitary co-representation of (A, A) is equivalent to one with matrix 
entries belonging to B. Assume, for contradiction, that v — (t>y) is a finite- 
dimensional irreducicble unitary co-representation not equivalent to any finite- 
dimensional irreducicble unitary co-representation u = (uij ) with matrix entries 
Uij belonging to B. From JlJ, Theorem 7.4], we get that h(uijVki) — 0, for all 
i,j,k,l. Since B is linearly spanned by elements of the type ity, as observed 
above, and B is dense in A, this implies that h(avki), for all k,l and a £ A. In 
particular, we get h(v^ t Vki) = 0, and therefore Vki = 0, for all fc, I, since h is 
faithful on A. This is impossible as v is unitary. □ 

Note that the first part of the proof shows that A is maximal among all Hopf 
*-subalgebras of (A, A). 
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